~

ﬁentors Eduserv’

J

RMO 2024-25

(REGIONAL MATHEMATICS OLYMPIAD)

PAPER WITH SOLUTION

Time : 3 hours November 3, 2024
Instructions:

Calculators (in any form) and protractors aro not allowed.

Rulers and compasses are allowed.

All questions carry equal marks. Maximum marks: 102.

No marks will be awarded for stating an answer without justification.

Answer all the questions.

Answer to each question should start on a new page. Clearly indicate the question number.
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[2] RMO0-2024_03.11.2024_QUESTION WITH SOLUTION (MHR, MUS SIR)

[[Q.1] Let n > 1 be a positive integer. Call a rearrangement a1, a2, ..., an of 1, 2, ..., n nice if for
every k=2, 3, ..., n, we have that a1 + a2 + ... + ak is not divisible by k.
(a) If n > 1 is odd, prove that there is no nice rearrangement of 1, 2, ..., n.
(b) If n is even, find a nice rearrangement of 1, 2, ..., n.
[:SOLN] (a)lfnisodd, n+1iseven.
Ly tay+..+a, =1+2+3+...+n

n(n+1) n+1
= =Nx
2 2

which is divisible by n.

So we cannot have any nice rearrangement of 1, 2, ..., n.
(b) Letn=2m, meN.

consider the rearrangement 2, 1, 4, 3,6, 5, ..., 2m,2m -1

If k is even, then

y+ay+..+a =(2+4+6+...t0 g terms)

2 2

- (gj(m )

-k +1 is coprime to k and E eN

ZM@

so k does not divide a1 + a2 + ... + ak.

If k is odd, then k =2p + 1 forsome peN

Jay+ag +aLtay
=(2+4+6+..top+1lterms)+ (1 +3 +5+...to pterms)

:Zx(p+1)2(p+2)+pz

=2p?+3p+2=(2p+1)(p+1)+1=k(p+1)+1

which is not divisible by k.
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So the rearrangement 2, 1, 4, 3, 6, 5, ..., 2m, 2m — 1 is nice.

[(Q.2] For a positive integer n, let R(n) be the sum of the remainders when n is divided by 1, 2,..., n.

For example, R(4) = 0+0+1+0 = 1, R(7) = 0+1+1+3+2+1+0 = 8. Find all positive integers n

such that R(n) = n —1.
[(SOLN] Casel: n=2m, meN.
Then the remainder when n is divided by k
=n-kforeach ke{m+1lm+2,...,2m}
SR> (n—(M+1))+(—(M+2))+...+(n—2m)
=>n-1>(M-)+(M-2)+...+0
m(m-1)

=2m-1>

—4m-2>m?-m

—=m?-5m+2<0

=>me{l,234}

. ne{24,6,8}

but R(2)=0+0=0
R4)=0+0+1+0=1
R6)=0+0+0+2+1+0=3
R@B8)=0+0+2+0+3+2+1+0=8

So none of these satisfies the condition.

Casell: n=2m-1meN
Then the remainder when n is divided by k = n — k for each
ke{mm+lm+2,...,2m-1
~RM)>Nn-mM)+(n—-(M+1)+...+(n—-(2m-1))
=>n-1>M-1)+(M-2)+...+0

m(m-1)

=2m-2> —=mZ-5m+4<0

= (M-)(m-4)<0=>me {1234}
~nef{l357}
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[4] RMO0-2024_03.11.2024_QUESTION WITH SOLUTION (MHR, MUS SIR)

but R(1) =0, R(3) = 1, R(5) = 4, R(7) = 8.
So only n =1 and n =5 satisfies the condition.
[(Q.3] Let ABC be an acute triangle with AB = AC. Let D be the point on BC such that AD is
perpendicular to BC. Let O, H, G be the circumcentre, orthocentre and centroid of triangle

ABC respectively. Suppose that 2:OD = 23-HD. Prove that G lies on the incircle of triangle

ABC.
A
0
[:SOLN]
|
H
B C
D
-+AB=AC
..0O,G,I,H all lie on the altitude AD.
Let HD = x.
Then OD = §HD :gx.
2 2
Now AH =2 OD =23 HD = 23x
.. AD = AH +HD = 24x
.AO=AD-0OD = 24x—§x :éx =0OB
2 2
25 V (23 )
-.BD=+OB?-0D? = [7 xj —(7 xj =2/6x=DC
2
AB = AD? +BD? = \/(24x)2 +(Jﬂx) =104/6x
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A 1 BCxAD
cnradius, r= — = 1 2
S 5(AB+AC+BC)
1
E><2(2\/€><)><24x

;(10\/§x +10/6x + 4J€x)

4J6 x 24x2
=N TET _ax
24./6x

Now GD = %(AD) =8x =2r

Hence G lies on the incircle.

[:Q.4] Let a1, a2, a3, a4 be real numbers such that alz +a§ +a§ +a§ =1. Show that there exist i, j

with 1<i < j <4, such that (& — a )2 S:—SL.

[:SOLN] We have

2 <ai—aj>2=3(2ai2]—2 2. a3,

Ki<j<4 i=1 I<i<j<4

(S HE)

4 \2
=4 {Zai J <4

i=1
Without loss of generality, we can assume that &y <a, <ag <a,
Letag—ai=x,a3—az2=yand ag—a3 = z.

Then >’ (ai—aj)2 = X2 +y? + 22+ (X+Y)P + (Y +2)2 +(Z+ X + (X +Y + 2)°
KKi<j<4

1
If each of X,y,z > —=, then

NG

Mentors Eduserv: Parus Lok Complex, Boring Road Crossing, Patna-1

‘r entors Edusery’ "
Helpline No. : 9569668800 | 7544015993/4/6/7




[6]

[:Q.5]

"
[:SOLN] L
20
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5 oo (4 (T (4 (3T (3 ()

Ki<j<4

which is a contradiction.

H

Hence at least one of X,y,z < NG and so there exists i, jwith 1<i < j<4

1Y 1
such that (& —a, )2 S(Ej =z

Let ABCD be a cyclic quadrilateral such that AB is parallel to CD. Let O be the circumcentre
of ABCD, and L be the point on AD such that OL is perpendicular to AD. Prove that

OB*(AB + CD) = OL+(AC + BD).

D~ ~cC

Av B

.+ AB ||CD

.. ZABC + ZBCD =180°

- ABCD s cyclic quadrilateral

.. ZBAD + ZBCD =180°
So ZBAD = ZABC

Hence ABCD is an isosceles trapezium with AD = BC.
Let DA=0OB=0C=0D =R, ZAOB =2« and ZCOD =2/

. AB=2Rsina, CD=2R sin g

AAOD = ABOC
- /AOD = BOC = 3% _(S“ +2p)
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=180°— (o + 3)
~OL= Rcos(1800 —2(a+,b’)j = Rsin—a;ﬂ

ZAOC = Z/AOD + /DOC =180°— (o + B) + 2,8

_180°— (o ff) = ZBOD
“ AC =BD=2R sin[‘AZOC) _2R sin(90°—a—;ﬂj

a—p
2

So OB.(AB +CD) =R(2R sina + 2R sin )

=2Rcos

—2R2.2sin a;ﬂcos a;ﬂ

= Z[R sinOHﬂj[ZR cosﬂj
2 2

=2'0L-AC

=OL(AC+BD)  (.AC=BD)

[:Q.6] Let N> 2 be a positive integer. Call a sequence a1, az,..., ak of integers an n-chain if 1 = a1
<az<..<ak=n, and aj divides aj+1 for all 1,1<i <k —1. Let f(n) be the number of n-chains
where N > 2. For example, f (4) = 2 corresponding to the 4-chains {1,4} and {1,2,4). Prove
that f 2™3) = 2™ L(m + 2) for every positive integer m.

[[SOLN] Letn=2"M3
The divisors of 2.3 are
1,2,2%,..,2M 3,23,223,..,2Mm3
Consider an n-chain containing 2P.3, where p is the least number such that the n-chain
contains 2P.3.

Casel:p<m.
Then it will be a subset of {l 2,22,...,2p,2p.3,2p+1.3,...,2m.3}
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where it must contain 1, 2P.3 and 2™.3
So number of such n-chains = 2(M*2) =3 = pm-1

Now number of possible valuesof p=m (--pe{0,1,2,....m-1})
So the number of such n-chains = 2™ 1.m

Casell:p=m.

Then any such n-chain is a subset of {1, 2, 22, ..., 2™ 2M.3},
where it must contain 1& 2™M.3

So number of such n-chains = 2™

So f(2M.3) = 2M 1 m + 2™

=2™Ym +2).
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